GRUSS TYPE DISCRETE INEQUALITIES IN INNER PRODUCT 

SPACES, REVISITED 



SEVER S. DRAGOMIR 



Abstract. Some sharp inequalities of Grass type for sequences of vectors in 
real or complex inner product spaces are obtained. Applications for Jensen's 
inequality for convex functions defined on such spaces are also provided. 



1. Introduction 



The following inequality of Gruss type for sequences of vectors in inner product 
spaces has been established in pQ. 

Theorem 1. Let (H; (•,•)) be an inner product space over the real or complex 
number field K (K = E, C) , x = (xi,...,x n ) G H n , a = (a\,...,a n ) G K n , 
p = (pi, . . . ,p n ) G R" with 53i=i Pi = !• V a i A G K and x, X G H are such that 

(1.1) Re [(A — (57 — a)] > and Re (X — Xi, Xi — x) > 

for each i £ {1,.. .,«}, 

then we have the inequality 



(1.2) 



< 



^piaiXi - ^p^ ■ y^^i 



<\\A-a\\\X-x\\ 



The constant \ is the best possible one in the sense that it cannot be replaced by a 
smaller constant. 

Another result of this type is embodied in the following theorem that has been 
obtained in 2. . 

Theorem 2. Let H, K be as above x = (xi, . . . , x n ) , y = (yi, . . . , y n ) G H n and p 
a probability sequence. If x, X,y,Y G H are such that 

(1.3) Re (X — Xi, Xi — x) > and Re (Y — yi, yi — y) > 

for each i G {1, . . . , n} , 

then we have the inequality 



(1.4) 



< 



{xt,yi) - ( ^PiXi,^ 



PiVi 



<-||X-^|| ||y- y || 



The constant \ is best possible in the above sense. 
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On choosing Xi = yi (i = 1, . . . , n) in Theorem one may obtain the following 
counterpart of Cauchy-Bunyakovsky-Schwarz inequality 



(1.5) 



o<^>IMI 2 - 



E 



Pi-* i 



<\\\X-x\\ 2 



provided x and p satisfy the assumptions of Theorem 

In the recent paper 0, the author has obtained the following Griiss type in- 
equality for forward difference as well. 

Theorem 3. Let x = (x\, . . . , x n ) , y = (y\, . . . ,y n ) e H n and p S K" be a 

probability sequence. Then one has the inequalities 



(1.6) 



\i=l 1=1 

n / n 

E * 2 p* - E *Pi 

i=l \i=l 



max ||Ax fe || max ||Ay fe | 

k=l,...,n— 1 fe=l, n—1 



< < 



E (*- j) E IIAxfe 



l<j*<7<n 



fc=i 



p /n—1 



E l|Aj/fc|| 9 



E i»* 0- - Pi 



n — 1 n — 1 

E ||Ax fc || E ||Ay k | 
fc=l fc=l 



The constants 1, 1 and ^ m i/ie rig/ii /land side of the inequality fl.6)) are best in 
the sense that they cannot be replaced by smaller constants. 

If one chooses pi — — (i — l,...,n) in (|1.6|l . then the following unweighted 
inequalities would hold: 



(1.7) 



^ n / 1 n 1 n 



(=i 

( m 2 



< < 



n 2 — 1 

— — max || Ax* || max \\Ay k \ 

Iz k— l,...,n— 1 fc=l,...,n— 1 



n 2 - 1 
6?; 



k=l 



p /n—1 



E HAxjkf E l|A W 



A'=l 

if jj > 1, 1 + 1 = 1; 

/ i p q 



^ 1 n — 1 n—1 

— - E ||Ax k [| E \\Ay k \\. 

(. ^ n fe=i fc=i 

Here, the constants j^, | and | are also best possible in the above sense. 

The following counterpart inequality of the Cauchy-Bunyakovsky-Schwarz in- 
equality for sequences of vectors in inner product spaces holds. 
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Corollary 1. With the assumptions in Theorem^ for x andp one has the inequal- 
ities 

2 



(1.8) <J2Pi\\ x if 



E 



Pi v 



E i Pi -\YjWi 



max II Axk \ 



fc=l,n-l 



< < 



l<j<i<n 



n-l 



E /'-/'.; (' i) E HAx fe || p E IIA 



l 

I 2 



E Pi (1 "Pi 



.i=l 



k=l 



n-l 

E l|Ax fc | 
fc=i 



p /n—l 



fc=l 



TTie constants 1, 1 and ^ ore oesi possible in the above sense. 

The following particular inequalities that may be deduced from i|1.8|) on choosing 
the equal weights pi = i — 1, . . . ,n are also of interest 



(1.9) 



1 n 1 n 



i=l 
^2 



max \\Ax k \\ 2 : 

VI fc=l, n -l 



< < 



2 _ J /n-l 

6n Vfc=i 



E [[Ax* | 
fe=i 

if p > 1, i + i = 1; 



^EIIA^n 

^=1 



2n 



Here the constants | and \ are also best possible. 

It is the main aim of this paper to point out a different class of Griiss type 
inequalities for sequences of vectors in inner product spaces and to apply them 
for obtaining a reverse of Jenssen's inequality for convex functions defined on such 
spaces. 



2. Some Gruss Type Inequalities 

The following lemma holds (see also 0]). 

Lemma 1. Let a, x, A be vectors in the inner product space (H; (•, •)) over the real 
or complex number field K (K = R, C) with a ^ A. The following statements are 
equivalent: 

(i) Re (A - x, x - a) > 0; 

(ii) Ik - ^11 < \ \\A-a\\. 
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Proof. For the sake of completeness, we give a simple proof as follows. 
Let 



h ■= Re {A - x, x - a) = - Re (A, a) - \\x\\ 2 + Re [{x, A) + (x, a)] 



and 



h:= \\\A-af 



a + A 



= \ (\\A\\ 2 -2Re(A,a) + \\a\\ 2 ) (\\xf - Re (x, a + A) + \ |L4-a|| 2 ) 
= - Re (A, a) - \\x\\ 2 + Re [(x, a) + (x, A)} . 



Since Re {x, A) = Re (x, A) , we deduce that I\ = I 2 , showing the desired equiv- 
alence. | 

Remark 1. If H = C, ||-|| = |-| , then the following sentences are equivalent 

(a) Rc [(A -x)(x- a)} > 0; 
( aa ) \ x - 2±^| < I \A-a\, 

where a, A, x G C. 

If H = R, ||-|| = |-| , and A > a, then the following sentences are obviously 
equivalent: 

(b) a < x < A; 

(bb) \x-^\ <\\A-a\. 

The following inequality of Griiss type for sequences of vectors in inner product 
spaces holds. 

Theorem 4. Let (H; (■,■)) be an inner product over K (K = C,R), and x — 
Oi, ...,x n ), y = (yi, ...,y n ) G H n , p G M™ with Yn=\Pi = l- If x,X e H 
are such that 

(2.1) Re {X — Xi, Xi — x) > for each i S {l,...,n}, 

or, equivalently, 



(2.2) ||„ - 

then one has the inequality 

(2.3) 



< - \\X — x\\ for each i G {1, . . . , n} . 



vi=l i=l 



E^ (^>y*> - ( X^^'X]^ 

n 

<di*-*nE 



3 = 1 



n 


n 


2" 








E ft Hf*ll 2 ~ 








i=l 





< 2 II* 



TTie constant \ is best possible in the first and second inequality in the sense that 
it cannot be replaced by a smaller constant. 
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Proof. It is easy to see that the following identity holds true 

x-X 

PiVi J = 2_^P* \ x i ^ — • 



( 2 - 4 ) E Pi (XiiVi) - ( ^ /'-•'•, /'-//, J = E Pl 



i=l 



3=1 / 



Taking the modulus in l|2.4|) and using the Schwarz inequality in the inner product 
space (H; (•, •)) , we have 



^Pi {xi,y t ) - ( ^PiX^^PiVi 

i=l \i=l i=l 



< 



<E^ 



i=l 



X + X 

x + X 



>Vi - E p ^ 

3=1 I 

n 

Vi-^PjVj 

3=1 



1 " 
<dl*-*ll£i 



E 

3 = 1 



PjVj 



and the first inequality in l|2.3|) is proved. 

Using the Cauchy-Bunyakovsky-Schwarz inequality for positive sequences and 
the calculation rules in inner product spaces, we have 



n 


n 




n 


n 


E^ 


Vi - E P J' y J 


< 


E^ 


a- E 


-i=i 


3 = 1 




i=l 


3 = 1 



and 



E Pi 



i=l 



Vi - J^PjVj 

3 = 1 



£ft Ill/ill' 



i=l 



E p ^ ! 

i=l 



giving the second part of (|2.3|) . 

To prove the sharpness of the constant i in the first inequality in (|2.3I) . let us 
assume that, under the assumptions of the theorem, the inequality holds with a 
constant C > 0, i.e., 



(2.5) 



E^ (Vi'Vi) ~ ( E^^'E Pl2/l 
i=l \i=l i=l 



<C\\X-x\\J2Pi 

i=l 



Hi 



E 

3 = 1 



PjVj 



Consider n = 2 and observe that 

2 / 2 2 \ 

E^ foifi) ~ ( E Pi2;i 'E^^ ) =P2Pl (X2 -Xl,J/2 -yi) 



1=1 



2 

Ep» 

i=l 



E 



2p2Pi II 2/2 — 2/i I 



and then, by l|2.5|l . we deduce 

(2.6) p 2 pi \(x 2 - x x ,y 2 — 2/i > | < 2C\\X - x\\p 2 pi \\y 2 -yi\\- 

If we choose pi,p 2 > 0, y 2 — x 2 , y\ — x\ and x 2 = X, x\ — x with x ^ X, then 
holds and from ftty we deduce C>\. 
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The fact that i is best possible in the second inequality may be proven in a 
similar manner and we omit the details. | 

Remark 2. Ifx andy satisfy the assumptions of Theorem^ or equivalently 



(2.7) 



x + X 



< £ II* -all > 



y + Y 



<^\\y-y\\, 



for each i € {1, . . . , n} , then by Theorem^ we may state the following sequence of 
inequalities improving the Griiss inequality \2.1$ 



(2.8) 



< 



X Pi ^ y ^ ~ ( X PiXu X piVi 

i=\ \i=l i=l / 



1 " 



i=i 



1 / n 

<-||x-*|| 5>H»I 



(2.9) 



X^ 



2\ 2 



In particular, for Xi= yi {i = 1, . . . , n) , one /ias 



(2.io) o<^>iwr 



<£ii*-*n£i 



xi — ~y^^pjXj 

3=1 



and £/ie constant ^ zs &es£ possible. 

The following result is connected to Theorem ^ from Introduction. 

Theorem 5. Let (H; (■, •)) and K 6e as above and x = (xi, . . . , x n ) G iT n , a. = 
(ai, . . . , a n ) G K" and p a probability vector. If x, X G H are such that 12. 1)) or, 
equivalently, $2.2\) holds, then we have the inequality 

(2.11) 



< 



^piOiXi - y^a 4 • y^Pi 

i=l i=l 



i=l 



,;=i 



1 n 
<-\\X-x\\J2Pi 



<^\\X-x\\ 



The constant ^ in the first and second inequalities is best possible in the sense that 
it cannot be replaced by a smaller constant. 

Proof. We start with the following equality that may be easily verified by direct 
calculation 



n 


n 


2" 


X Pi l ai l 2 ~ 






i=l 


1=1 





(2.i2) ^^piUiXi - ^Pictt ■ y^pjXj = y^ pi \aj - y^ 
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n 


n 


n 


n 


n 












i=l 


i=l 


i=l 




3=1 



x + X 



i=l 



1 " 

<±\\X-x\\^ 

1 

n 



3=1 



< - \\X-x 
~ 2 11 



3=1 



h\x-*\\lt, 



Pi \OLi\ 



2\ 3 



proving the inequality (|2.11() . 

The fact that the constant i is sharp may be proven in a similar manner to the 
one embodied in the proof of Theorem 0] We omit the details. | 



Remark 3. 7/x and a satisfy the assumption of Theorem^ or, equivalently, 



a + A 



<-\A-a\ 
- 2 I I 



x + X 



<^\\X-x\ 



for each i G {1, . . . , n} , then by Theorem^ we may state the following sequence of 
inequalities improving the Griiss inequality ijj.gj) . 



(2.13) 



< 



' < ^2 l p i a l Xi - ^p l a i ■ J~]piXi 



1 n 
<-\\X-x\\J2P' 

i=l 

1 / ™ 

< ||A-«|||^-rr|| 



a, 
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Remark 4. If in \2. 11\) we choose Xi — on G C and assume that \ai — < 
\ \A — a\ , where a,AeC, then we get the following interesting inequality for com- 
plex numbers 



< 



1 

n 



<-L4-a 



i=l 



3. Applications for Convex Functions 

Let (H; (■, ■}) be a real inner product space and F : H — > M a Frechet differ- 
entiable convex function on ii". If VF : — > H denotes the gradient operator 
associated to F, then we have the inequality 



(3.1) 



F(x)-F(y) > (vF(y),x-y) 



for each x, y G H. 

The following result holds. 

Theorem 6. Let F : H — > K be as above and z% G H, i G {1, . . . , n} . Suppose that 
there exists the vectors m, M £ H such that either 

(3.2) (vF(zj) -m,M- VF(zj)) > for each i G {1, . . . , n} ; 

or, equivalently, 



(3.3) 



VF(z 4 ) 



m + M 



<i||Af — m|| for each i G {1, . . . , n} . 



If Qi > (i G {1, ...,n}) Q„ := X)"=i 9* > ^' ^ en we ^ ave ^ e following 
converse of Jensen's inequality 



(3.4) 



1 " / 1 " \ 

^ n 1 Tl 

. =1 y» J=1 



< 2 H M - m \ 



< 2 H M - m \ 



q t z t 



GRUSS TYPE INEQUALITIES 



9 



Proof. We know, see for example 2 , Eq. (4.4)], the following counterpart of Jensen's 
inequality for Frechet differentiable convex functions 
n / 1 n \ 

1 - / 1 - 1 " \ 



holds 
No 

(3.6) 



Now, if we use Theorem 0] for the choices iEj = V-F (2^) , Ui = Zi and = -^-Qi, 
, n} , then we can state the inequality 

^ n / 1 n 1 n 



<2«M-m llg 



< -||M-m| 



1 " 



i=l 

1 

Qn 


71 




3=1 


2 


1 




Qn 



QiZi 



' i—l i—1 

Utilizing H3.5JI and (|3.6|l . we deduce the desired result Ij3.4|) . | 

If more information is available about the vector sequence z = (z%, . . . , z n ) £ H n , 
then we may state the following corollary. 

Corollary 2. With the assumptions in Theorem^ and if there exists the vectors 
z, Z G H such that either 

(3.7) (z{ — z, Z — Zi) > for each i £ {1, . . . , n} ; 

or, equivalently 



z + Z 



(3.8) 

then we have the inequality 
(3.9) 



< 7; ll-Z" - z|| for each i£ {!,..., n} , 



1 " / 1 ™ \ 



1 1 " 

< d|M-m|| jr- Y,H 
z y " i=i 



1 " 

^E* ; 



1 ™ 

?rE 



< 5 W M ~ r 

<-jM-m\\\\Z-z\ 



qi \\Zi 



1 " 



Remark 5. Note that the inequality between the first term and the last term in \ 
was firstly proved in [3 Theorem 4.1]. Consequently, the above corollary provides 
an improvement of the reverse of Jensen's inequality established in 
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